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Gravitational Wave Astrometry for Rapidly Rotating Neutron Stars and Estimation
of Their Distances
Naoki Seto
Theoretical Astrophysics, MC 130-33, California Institute of Technology, Pasadena, CA 91125
We discuss an astrometric timing effect on data analysis of continuous gravitational waves from
rapidly rotating isolated neutron stars. Special attention is directed to the possibility of determin-
ing their distances by measuring the curvature of the wave fronts. We predict that if continuous
gravitational waves from an unknown neutron star with a stable rotation are detected around 1kHz
within 1/3yr by initial LIGO detectors and the ellipticity parameter ǫ is smaller than 10−6, the
distance r to the source can be estimated with relative error ∆r/r of ∼ 10% by using the broad
band configuration of advanced LIGO detectors over 3 years. By combining the observed amplitude
of the waves with the estimated distance, information on the parameter ǫ can be obtained purely
through gravitational wave measurements.
PACS numbers: PACS number(s): 95.85.Sz 04.80.Nn, 97.10.Vm
I. INTRODUCTION
Over the last 5 years, several large-scale interferometric gravitational wave detectors, US LIGO [1], Japanese TAMA
[2], and British-German GEO [3], were constructed and have given us scientific data. Italian-French VIRGO [4] will be
soon in operation. In the next decade, second generation detectors (e.g. advanced LIGO [5], LCGT [6]) are expected
to be available. More ambitious third generation detectors (e.g. EURO [7]) will also be realized in the future. While
the current central objective of scientific runs is the direct detection of gravitational waves in 10Hz to a few kHz
band, gravitational wave astronomy will be rapidly established with the advent of new and more sensitive detectors
[8, 9]. Once gravitational waves from a population of sources are detected with relatively small signal-to-noise ratios
(SNRs), follow-on detectors would reveal new astronomical information at high SNRs. This kind of consideration is
important for the design and operational strategy in planing next generation detectors.
In this paper, we study an astrometric effect relevant to the data analysis of gravitational waves from rapidly
rotating isolated neutron stars and discuss the possibility of estimating their distances. If gravitational waves from
a rotating neutron star are detected, the amplitude contains information about the distance r and the ellipticity
parameter ǫ through the combination ǫ/r. The parameter ǫ characterizes the non-axisymmetry of the star. However,
it is not easy to separate these two quantities individually from gravitational waves. Here, we show that by a long
term observation of gravitational waves from a source, we can measure a small phase shift induced by an astrometric
effect. This means that a rapidly rotating neutron stars are the ideal targets to apply the long-term astrometric
studies with planned ground based detectors. Gravitational waves from merging neutron stars or supernovae would
last at most order of seconds [8, 9] and are not suitable for detecting the shift. It is also interesting to understand how
the quality of the astronomical information depends on the observational duration. For a very short phenomenon,
the only information improved by a long data span is the event rate.
To confirm gravitational waves from a rotating neutron star, we have to integrate the signal for a long time to
get a sufficient signal-to-noise ratio [10, 11] (see [12] for a recent observational study with GEO and LIGO). The
required computational cost for the data analysis depends strongly on whether the neutron star is known or unknown.
If its location is unknown, we need a large number of templates, and the data analysis is a very challenging task
[13, 14]. The astrometric effect is larger for a closer object, and we implicitly assume a nearby unknown neutron
star as our main target. Once gravitational waves from an unknown neutron star are detected, we might identify an
electromagnetic-wave counterpart using information obtained from the gravitational wave measurement, and estimate
its distance with various traditional methods (see e.g. [15]). But a search for an electromagnetic-wave counterpart
would be very difficult for a cold neutron star with a large peculiar velocity and a very weak magnetic field (e.g. less
than ∼ 107gauss critical for millisecond pulsars [16]).
This paper is organized as follows: In the next section we formulate the phase shift induced by the astrometric
effect for a rapidly rotating neutron star, and explain a way to estimate its distance though the phase shift. Then,
using the Fisher matrix approach, we obtain an expression for the magnitude of error associated with this estimation.
This expression is our central result. In section III we apply it to observational situations with specifications for future
projects, such as, advanced LIGO. We examine required conditions for the ellipticity ǫ and the source distance r in
order to detect gravitational waves from rotating neutron stars and to determine their distances with the proposed
method. Then we statistically study whether there are nearby neutron stars to apply our method. Section IV is
devoted to a discussion including a brief summary.
2II. FORMULATION
We first study how well we can extract information on the distance from the phase modulation of gravitational waves.
Similar arguments have been made for radio pulsar timing analyses [17, 19], but this is the first attempt at applying it
to gravitational wave data. Our basic aim is to develop a model relevant for evaluating parameter estimation errors.
We do not try to make a detailed model required for actual signal analysis e.g. including general relativistic time
delays in the solar system that are small and introduce no additional source parameters [11]. In addition, the effects
of diurnal rotation are not included here, because we are dealing with the case in which the signal integration is of
order a few years. Following Ref.[11], we use the solar system barycenter (SSB) rest frame and investigate the effects
induced by the motions of the detector as well as the source. We denote the time dependent position of the detector
rd (rd = |rd| ∼ 1AU), and assume that the source is moving with a constant velocity vns as rn0 + vns(t + r/c)
in the SSB frame. Here rn0 is the position of the source (n0; source direction) from which the emitted wave front
reaches the SSB at t = 0. We define n0 = (sin θ cosφ, sin θ sinφ, cos θ) in the spherical SSB coordinate with θ being
the angle between the source direction n0 and the normal vector of the orbital plane (ecliptic) of the Earth. We write
the gravitational wave phase ΨSSB observed at the SSB in the form ΨSSB(t) = Φ0 + 2π
∑3
k=0 fkt
k+1/(k + 1)! and
perturbatively include the phase modulation due to the detector’s and source’s motions with two small expansion
parameters; α = |rd/r| and β = |vnst|/r. After some algebra, the phase Ψd observed by the detector is given to
O(αmβn) (n+m ≤ 2) as
Ψd = Φ0 + 2π
3∑
k=0
fk
tk+1
(k + 1)!
+
2πr
c
(
n0 ·
rd
r
+
vns⊥t
r
·
rd
r
−
1
2r2
(1− (n0 · rd)
2)
) 3∑
k=0
fk
tk
k!
+higher order terms, (2.1)
where vns⊥ is the velocity component of vns perpendicular to the direction n0 [17]. There are no terms of order
O(β) and O(β2) [11]. In the large parenthesis in the above equation, the O(α) term is nothing but the plane wave
effect that has been analyzed in the literature and can be used to determine the direction of the source. This term is
periodic with a 1yr−1 frequency. The O(αβ) term was discussed to some extent for gravitational wave data analysis
in Ref.[11, 20] and provides information on the proper motion of the source on the sky. The distance r to the source is
estimated through the O(α2) term. This term probes the curvature of the wave fronts as they deviate from plane wave
propagation. In the O(α2) term, the constant contribution −1/(2r2) is effectively absorbed in the phase constant Φ0,
while the time dependent oscillating term (with a 2yr−1 frequency) is proportional to sin2 θ. The order of magnitude
of the time shift induced by the plane wave O(α) term in one year is written as ∼ rd cosΘ/c ∼ 500sec with Θ being
the angle between the two vectors n0 and rd. This angle changes by ∆Θ ∼ rd/r in one year due to the parallax.
Therefore the O(α2) term ∼ r2d/cr ∼ 10
−4(r/30pc)−1sec can be regarded as a time shift induced by the parallax. Even
at f ∼ 1kHz, this time shift produces a phase shift much smaller than the 1/4 cycle that is critical for detection of
gravitational waves, unless the source is very close to the solar system. Therefore the distance r cannot be estimated
without a high SNR observation well beyond the required level for gravitational wave detection.
Using a model h = hc sin[Ψd] (hc: constant) for the gravitational wave signal, we calculated the Fisher matrix for
the following 10 fitting parameters {f0, f1, f2, f3,Φ0,vns,⊥, r, θ, φ} and examined the relative estimation error ∆r/r
with various sets of input parameters as well as the total observational time Tobs >∼ 1yr. We found that the result ∆r/r
is independent of the parameters φ, Φ0 and inputs {f1, f2, f3, f4,vns⊥}, as long as these inputs are close to reasonable
values for real neutron stars. For a integration time Tobs longer than ∼ 2yr, the resolution ∆r/r is approximated well
by the following expression
∆r
r
= 0.11
(
r
100pc
)(
SNR
500
)−1(
sin θ
sinπ/3
)−2(
f
1kHz
)−1
. (2.2)
We take θ = π/3 for a reference value for the angle θ, as it bisects the area of a half sphere 0 ≤ θ ≤ π/2. With the
specific choice of parameters θ = π/3, f = 1kHz, r = 100pc and SNR = 500, the prefactor 0.11 in eq.(2) becomes
9.14, 0.13, 0.109, and 0.107 for Tobs = 1, 2, 3 and 4 yr respectively. This indicates that for Tobs >∼ 2yr the correlation
between r and other parameters decreases significantly and becomes nearly stationary. The coefficient becomes 0.107,
when we remove f3 or vns⊥ from the fitting parameters with a fixed observation period Tobs = 3yr. In our model
we have not directly dealt with the effects of the acceleration of the source. However, these numerical experiments
imply that, even if we include acceleration in a relatively simple manner, it would not change the resolution ∆r/r
significantly. When the source is a binary (e.g. with its orbital period ∼ 1yr), the situation could change considerably.
3III. PROSPECTS WITH PROPOSED DETECTORS
Next, we discuss how well we can estimate the distance to a rotating neutron star with the planned gravitational
wave detectors, such as, advanced LIGO. We first describe the standard detection criteria of its gravitational wave
signal based on SNR for a matched filtering method [10, 13]. Then we use a expression for SNR to evaluate the
distance estimation error given by eq.(2.2). For these studies, we pay a close attention to dependence of the ellipticity
parameter ǫ and the distance r to the source.
If the rotation axis of the neutron star is identical to one of the principal axes of the inertial moment tensor Iij ,
the orientation averaged amplitude of gravitational waves becomes hc = 8π
2G
√
2/15If2ǫ/c4r, where gravitational
ellipticity is defined as ǫ ≡ (I22 − I11)/I ≪ 1, and I = I33 (x3: the rotation axis) [8]. With typical numerical values,
we obtain
hc = 7.7× 10
−26
( ǫ
10−8
)( I
1045g cm2
)(
100pc
r
)(
f
1kHz
)2
. (3.1)
Hereafter we fix the inertial moment at I = 1045g cm2 and the gravitational wave frequency at 1kHz. When the
rotation axis is different from a principal axis, the star precesses and emits gravitational waves at multiple frequencies
[8, 21]. In this paper we use the above equation (3.1) as a reference to relate the characteristic amplitude hc with
two parameters ǫ and r. For the sensitivity of initial and advanced LIGO at 1kHz, we adopt the numerical values
given in Figure 1 in Ref.[5] (see also [18]). We take hd = 1.5× 10
−22Hz−1/2 for a single 4km detector of initial LIGO
and hd = 4.2 × 10
−24Hz−1/2 for advanced LIGO with a broad band configuration. After averaging with respect to
the direction of the source, the effective sensitivity for a monochromatic signal becomes heff = hd
√
2−15T−1obs for an
observational period Tobs. The factor 2
−1/2 comes from the number of 4km detectors and another factor 51/2 is due
to the angular average with respect to the source direction. We also study the case for the proposed xylophone-type
EURO detector [7] with hd = 3.6× 10
−26Hz−1/2 at 1kHz. With these concrete specifications, the signal to noise ratio
is calculated as
SNR =
hc
heff
, (3.2)
and the resolution ∆r/r is now given as a function of r and ǫ from eqs.(2.2)(3.1) and (3.2).
The characteristic SNR threshold required for detecting an unknown rotating neutron star is discussed in [10] and we
take SNR = 20 as a reference value for a 1/3yr integration. In figure 1 we plot the r− ǫ relation for four observational
conditions; SNR = 20 with (i) initial LIGO and (ii) advanced LIGO for 1/3yr integrations, and ∆r/r = 0.1 with (iii)
advanced LIGO and (iv) xylophone-type EURO for 3yr integrations. We have r ∝ ǫ for a given SNR, but r ∝ ǫ1/2
for a given resolution ∆r/r. If the parameter ǫ is fixed, we have SNR ∝ r−1 and ∆r/r ∝ r2.
To detect gravitational waves from neutron stars, a longer integration time is statistically advantageous. This
is because of the fact that the amplitude of the detectable signal decreases and the effective survey volume (or
equivalently the event rate) increases. However, the number of templates required for the matched filtering method
depends strongly on the integration time, and a manageable data length is limited by computational resources. In
reality, it might be difficult to deal with data of 1/3 years, especially for a young neutron star with large coefficients
fk (k ≥ 1) (see eq.(2.1)). In this case, we can detect neutron stars that are closer than the distances shown by the
dotted lines in figure 1. However, with a total ∼ 10 Teraflops computational power and efficient searching algorithm,
the differences between the dotted lines and the maximum detectable distances for initial and advance LIGO would
be less than a factor of 2 for most neutron stars (see figure 5 in [13]). Once gravitational wave from a neutron
star is confirmed, it would be a relatively easy task to analyze longer data streams with a finer spacing of template
parameters. But the available data span would not be much larger than 3 years, considering the time scale of major
upgrades to next generation detectors. This is the reason why we studied the case with a 3yr integration for a follow-up
analysis of the distance measurement.
In figure 1, the solid line for advanced LIGO and the dotted line for initial LIGO intersect around the interesting
value ǫ = 10−6, close to the upper limit from theoretical predictions [10]. Almost all the triangle region in (ǫ, r)-plane
bounded by ǫ ≤ 10−6 (dashed line) and the dotted line for initial LIGO is below the sold line for advanced LIGO.
From viewpoints of future prospects of the gravitational wave astronomy, this fact can be rephrased as follows: if an
unknown neutron star is detected around 1kHz with initial LIGO by ∼ 3−1yr signal integration and the ellipticity has
a reasonable magnitude ǫ <∼ 10
−6, advanced LIGO can determine its distance with error of ∼ 10% level within 3 years.
This is quite encouraging because blind searches for neutron stars are very hard tasks requiring a huge computational
cost, as mentioned earlier [13]. Once it is detected with initial LIGO, advanced LIGO would provide information
about its distance, one of the fundamental astronomical parameters for a source. The ellipticity parameter ǫ may
4FIG. 1: Relation between the distance r and the gravitational ellipticity ǫ for given observational conditions of an unknown
neutron star with gravitational wave frequency f = 1kHz. The thin dashed lines represent the maximum distance for detection
of gravitational waves with SNR=20 using initial LIGO and advanced LIGO for 1/3yr integrations. The thick solid lines
are the maximum distance for resolution ∆r/r = 0.1 through the timing parallax method, shown for advanced LIGO and
xylophone-type EURO for 3yr integrations. The dashed line ǫ = 10−6 is an upper limit of theoretical predictions for the
ellipticity parameter.
then also be found through knowledge of the amplitude hc. Both parameters are thus determined purely through
gravitational wave measurements. Note that advanced LIGO has the potential to measure the distance to an unknown
neutron star that cannot be detected by initial LIGO. The effective sensitivity of the single EURO xylophone-type
detector is 82 times better than advanced LIGO detector at 1kHz, and the distance r for a given resolution ∆r/r is
9.1 times larger.
We have discussed the case in which the gravitational wave data would be integrated without a break (100% duty
cycle) for 3 years or so. But our result for ∆r/r would be approximately valid for a coherent analysis of intermittent
data streams that are sampled with appropriate intervals (≪ 1yr) and in a sufficient span (e.g. 3 years). If the narrow
band configuration is available at the target frequency of a source, we can reach the same resolution ∆r/r with a
shorter total integration time. For example, the sensitivity hd could be improved by a factor ∼ 3 at 1kHz with the
narrow band configuration of advanced LIGO, and the total integration time could be a factor ∼ 10 times smaller
than for its broad band configuration.
From Figure 1, we can estimate the distance r for the required resolution ∆r/r ∼ 0.1 as a function of the parameter
ǫ. Here let us statistically study whether there is at least one rapidly rotating pulsar within this distance. For
this purpose we use the argument originally made by Blandford assuming a population of neutron stars whose spin
evolutions are primarily determined by energy loss through gravitational radiation [8, 10]. We define τ−1B as the
formation rate of the population in our Galaxy with an initial gravitational wave frequency higher than 1kHz. The
magnitude of the time τB is highly uncertain but should be much larger than τB ∼ 100yr corresponding to the Galactic
supernova rate. We first evaluate the minimum distance rmin to a pulsar of this population, and then compare rmin
with the distance allowed for the resolution ∆r/r = 0.1. If these two distances coincide, we can expect to have at
least one pulsar with resolution ∆r/r better than 0.1. Our goal here is to calculate the required formation rate τB
for this condition as a function of the ellipticity ǫ.
In Blandford’s model, the amplitude hc from a neutron star with a fixed distance becomes larger for a larger ǫ. On
the other hand, the evolution time scale τGW becomes smaller for a larger ǫ, and the smallest distance rmin would be
5larger. Here the evolution time scale τGW is defined as
τGW =
f
f˙
=
5c5
32π4GIǫ2f4
= 1.8× 108
( ǫ
10−8
)−2( f
1kHz
)−4
yr. (3.3)
The gravitational frequency becomes smaller by ∼ 30% within a single τGW . The time scale τGW becomes the age
of the universe ∼ 1010yr at ǫ ∼ 10−9(f/1kHz)−2. For the spatial distribution of the population in our Galaxy, we
assume a uniform density in a cylinder with radius Rns = 10kpc and height Hns = 1kpc. If the parameter ǫ is in the
range 10−9(f/1kHz)2 < ǫ < 10−6(τB/200yr)
−1/2(f/1kHz)−2, we have
rmin =
(
3V τBτ
−1
GW /4
)1/3
= 44
(
τB
200yr
)1/3 ( ǫ
10−8
)2/3( f
1KHz
)4/3
pc (3.4)
for the smallest distance. The distance rmin becomes larger than the height Hns for ǫ >
10−6(τB/200yr)
−1/2(f/1kHz)−2. In this case we have rmin ∼ Rns(τBτ
−1
GW ) ∝ ǫ
1/2. With these expressions and
results presented in figure 1, we can now estimate the required formation rate τB for observing at least one pulsar
with resolution ∆r/r = 0.1. For 3yr advanced LIGO observation at 1kHz, we have τB < 84(ǫ/10
−8)−1/2yr in the
range 10−9 < ǫ < 10−5. Therefore, a very small τB (or a large formation rate τ
−1
B ) is required from this rough
statistical argument. In the case of 3yr EURO-xylophone-type data, we obtain τB < 6.3 × 10
4(ǫ/10−8)−1/2yr for
10−9 < ǫ < 10−7.
So far, we have studied the case with ∆r/r ≪ 1. Here, we discuss the opposite case in which the distance to a
source is large and we cannot detect the signature of the parallax timing shift. In the case of usual angular parallax
measurement, the amplitude of the apparent annual motion of a source on the sky is inversely proportional to its
distance r. Therefore, it is straightforward to fit distance with a form r−1 in the parameter estimation. We can
understand this from the original meaning of the distance unit “parsec” that represents 1/arcsec. The situation is
similar to the fitting for the parallax timing. Note also that the error ∆(r−1) ∼ (∆r)/r2 for r−1 does not depend on
the distance r itself, as shown in eq.(2). In the low resolution limit with a fitting result |(r−1)fit| ∼ ∆(r
−1), we can
set a constraint for the value r−1 in the form r−1 < max{(r−1)fit, 0}+N∆(r
−1) with N − σ statistical significance.
At the end we get a lower limit of the distance r as
r > (N + x)−1{∆(r−1)}−1 = 220
(
SNR
500
)(
sin θ
sin(π/3)
)2(
f
1kHz
)(
N + x
4
)−1
pc (3.5)
for Tobs >∼ 2yr with x ≡ max{(r
−1)fit/∆(r
−1), 0}. We can also set a lower limit to the parameter ǫ by using the
gravitational wave amplitude hc.
IV. DISCUSSIONS
In our analysis, the phase ΦSSB(t) at the SSB is assumed to be simple and be described by a low-order Taylor
expansion. Even though many pulsars are known to be extremely accurate clocks, the phase ΦSSB could have a
deviation from this simple expression. The origin of these timing deviations can be due to the intrinsic evolution of
the pulsars or other effects (e.g. the low frequency gravitational wave background). If the deviation is large, especially
around the frequency ∼ 2yr−1, it would hamper the estimation of the distance through parallax timing even with a
high SNR measurement. Here, we briefly describe the actual radio observation of certain pulsars following [22]. PSR
B1855+09 is a binary millisecond pulsar with spin period 5.36 msec and orbital period 12.3 day, and PSR B1937+21
is a single millisecond pulsar with spin period 1.56 msec. They are considered to be recycled pulsars. Timing analyses
for both pulsars have been performed with data taken at Arecibo Observatory in a ∼ 8 year span. A systematic timing
deviation of order a few µsec is indicated for PSR B1937+21, but not for PSR B1855+09. The timing residual of the
former is expected to be dominated by the intrinsic evolution of the pulsar and not by other effects, such as, the low
frequency gravitational wave background. As for the estimated distances through the timing parallax, PSR B1855+09
has a fitted value π ≡ (1kpc/r)mas = 1.1 ± 0.3mas corresponding to r = 0.9+0.4
−0.2kpc (1σ), and PSR B1937+21 has a
bound π < 0.28mas (2σ) corresponding to r > 3.6kpc. Their distances are also estimated from dispersion measures
together with a model of the Galactic distribution of interstellar free electrons. They are 0.7kpc for PSR B1855+09
and 3.6kpc for PSR B1937+21 with uncertainties of ∼ 25%, and are consistent with the estimation through the timing
parallax. Therefore, the effects of the timing deviation would be moderate in these cases.
Now we summarize this paper. We have discussed an astrometric effect for the analysis of gravitational waves that
would allow us to determine the distance to a rapidly rotating isolated neutron star around f ∼ 1kHz. The resolution
6∆r/r improves significantly, if the integration period of the signal is longer than ∼ 2 years. By using advanced LIGO
detectors for 3 years at its designed sensitivity in the broad band configuration, we can estimate its distance with an
error of ∆r/r <∼ 0.1 up to r ∼ 150(ǫ/10
−7)1/2pc, if its spin evolution is relatively simple.
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